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Vibration Characteristics of Partially Covered
Double-Sandwich Cantilever Beam

Qinghua Chen* and Cesar Levy®
Florida International University, Miami, Florida 33199

The differential equations of motion together with the boundary conditions for a partially covered, double-
sandwich cantilever beam are derived. Bending and extension, rotational and longitudinal inertia of damping
layers, and shear deformation and rotational and longitudinal inertia of the constraining layers and the primary
beam are included in the equations. The theory is applicable for long as well as short, soft, or stiff damping layer,
double-sandwich beams. Also, the effects of different parameters on the system loss factor and resonance frequency
are discussed. Differences are found to exist with the previous beam model (called the Euler beam model) when
the damping layers are stiff, when the thickness of the damping layer is large compared to the primary-beam
thickness, and in the case of higher modes of vibration.

Introduction

ECAUSE of their high energy dissipation ability, constrained

or unconstrained viscoelastic damping treatments have been
used for noise and vibration control for many years. Many improve-
ments have been suggested about the application of such structures
and many papers have been published since Kerwin’s publication on
the vibration of three-layered beams.! Rao,? Ditaranto,’ and Mead*
derived a sixth-order differential equation of motion for a sandwich
beam via different methods. The effects of different boundary condi-
tions were studied in these papers. The vibration of a short sandwich
beam also was discussed by Rao® but only in the simply supported
beam case. The random vibration of a sandwich beam subjected to
base acceleration excitation was studied by Xi et al.® Chen and Xi’
obtained an improved equation for the sandwich beam.

Because of the consideration of structure weight and cost of mate-
rials involved in fully covering the beam with viscoelastic material,
partially covered sandwich beams and plates were investigated by
Lall et al.® and Garrison et al.® To increase the damping, multiple
sandwich structures were presented by many authors.0~13 Also, vi-
bration properties of a partially covered, double-sandwich cantilever
beam were studied by Levy and Chen.'* The bonded joints with vis-
coelastic damping treatment were studied by Zhou and Rao" and
He and Rao.'® The vibration characteristics of a double-sandwich
cantilever beam with concentrated mass at the free end were stud-
ied by Chen and Levy.!7 These papers also discussed the effects of
different parameters on system loss factor and resonance frequency.
However, many effects, such as the shear deformation in constrain-
ing layers and the primary beam and the rotational and longitudinal
inertias of all layers, were not included in the papers.

In this investigation, the nondimensional form of improved differ-
ential equations of motion for a partially covered, double-sandwich
cantilever beam are derived and the equations are expressed in ma-
trix form. It is not practical to obtain the differential equation in
terms of a single variable. However, inspection shows that the ex-
pansion in a single parameter would lead to an equation that is of
14th order in both a/3x and 8/d¢. The effects of different parameters
on resonance frequency and loss factor are investigated.

Theoretical Model

The geometry of the double-sandwich cantilever beam is shown
in Figs. 1 and 2. The following assumptions are made in the analysis
of the damped part: 1) the beam deflection is uniform across any
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section; 2) no slip occurs at the interface between layers; and 3)
plane cross sections in individual layers continue to remain plane
after deformation.

Letu; (i = 1,2,...,5) be the longitudinal displacement of the
ith neutral axis, y; i = 1,2, ..., 5) be the shear at the neutral axis,
and ¥; ¢ = 1,2,...,5) denote the slope of the deflection curve
due to bending. We have the following relationships:

Uy = Ui +2; ¥

M

u, =w(x,t)

i

Where u,, and u,, represent the longitudinal and transverse displace-
ment in each layer, respectively. The second expression of Eq. (1) is
an outcome of the first assumption. From assumption (2), we have

wi ity =ui o — by

where h; | = 1,2,...,5) is the half height of the ith layer. By
defining &’ as the Timoshenko constant; L, and L as the lengths
of damping coverage and the whole beam, respectively; m; and A;
as the mass per unit length and the cross-sectional area of the ith
layer, respectively; E; and G, as the Young’s modulus and the shear
modulus of the ith layer; and by letting

i=1,....4 ()

Xx=x/L w=w/L i =u;/L H; =h;/L (2b)
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Fig.1 Double-sandwich cantilever beam.
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Fig.2 Geometry of the beam.
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Eq. (2a) can be written as
ﬁi+}1i¢i:ﬁi+l—Hi+11//i+l, l=1,,4 (20)

By defining the following dimensionless parameters for layer i =
1,...,5:
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5 5
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the kinetic and potential energy of all layers together yields
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Substituting Egs. (3) and (4) into Eq. (5) and employing the conti- _ _ ~
nuity relationships (2¢) to express ¥, ¥, ¥4, and s, in terms of P 3G4 3G\ 0 e — 4F a2 3Gs
it; and v, yields the following form of the differential equations of = ‘H, Hs 9% TR -P-I.?_
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The dimensionless boundary conditions at x = 0 are
(Y} = {ay, @, ..., s, Y3, )" = (0}" M

The dimensionless boundary conditions for the sandwich part (sec-
tion 1)atx = [ are
ot - it . a
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where G = G+ Gy + G3 + G4+ Gs. Here the N, M, and SO
represent the generalized axial force in each layer, the generalized
moment for the cross section, and the generalized shear for the cross
section, respectively, in the sandwich part of the beam.

The differential equations of motion for the uncovered portion of
the beam (section 2) are

2, - 9%
R T 0
32y 9 dw
—M; 3‘;/2“ + EH 0 436, (‘— —%) =0 (©b)
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All primed quantities ()’ represent the variables in the uncovered
portion of the beam. The boundary conditions for the uncovered
portion of the beam at x =/ are

_ o
NP = 35,258 (102)
; ax
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The interface between section 1 (covered part of the beam) and sec-
tion 2 (uncovered part of the beam) requires that SV + §@ =0
MO+ M® =0,and N{" + N{” = 0 at & = 1. Also, the displace-
ment and slope at the interface must be continuous:

_ _, Jw dw’ v
W=w — =y = ——
’ ax 3

The dimensionless boundary conditions at ¥ = 1 are

(08, 2.2 ) = .00 an

dx  dx  Ox

indicating that no extensional force, moment, and shear force exist
at the end of the beam.

Frequency and Loss Factor

To solve the governing differential equation of motion of the
system, we assume

Y = Y, et el (12)
where Y and Y, are defined as

Y =iy, g, ..., its, Y3, w}"

TR - - T
Y, = [uw,, oy, ..., sn, ¢3/11 wn]

and A* depends upon the value of &7, as discussed below. Substi-
tuting Y into the governing Eq. (6), nontrivial solutions exist if the
corresponding determinant is zero. Thus

det(—[M1Q” +[K]) =0 (13)
where the 3/dx and 9%/3x? terms in [K] are replaced by A* and
A*2, respectively. Similarly, for section 2, we have the following
characteristic equation generated from Eq. (9):

My + Esx*? =0 (14a)
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det{ PR T : . }:O(l4b)
—3G A 322 + 3G

where A* are characteristic values. For any 7, let Ans A,’j,z, R
A» 14 denote the 14 solutions of Eq. (13); let )»,”5, A e My 170 Ay
denote the four zeros of Eq. (14b); and let A} |, and A ,, denote the
two zeros of Eq. (14a). These values may be determined from the
boundary conditions and continuity conditions.
For section 2 (the uncovered part), we have
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For section 1 (the covered part),
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The A;s ( = 1,2, ..., 20) have to be determined from the bound-
ary conditions and the continuity conditions at the interface between
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the covered part and the uncovered part. We have a total of 20 ho-
mogeneous equations involving the unknowns A;. For nontrivial
solution, the corresponding determinant must be zero, i.e.,

det(€2;, 1*) =0 (17)

Equations (13), (14), and (17) are nonlinear complex equations for
unknowns 7% and A* (the characteristic value). We define the com-
plex resonance frequency factor p*, the real resonance frequency
factor p, and the system loss factor # of the beam as follows:

pP= Quty = v Re(l’*z)

Pt = =pyl+jn
(18)

_ Im(p™)

"7 Re(p)

where j = (—1)!/2.

Comparisons of Numerical Results

Numerical results for different parameters were obtained and are
displayed as graphs. The input parameters employed in the previ-
ously described numerical scheme, unless stated otherwise, were

I=L,/L=02, p1 = p3 = ps = 7850.0 kg/m’
02 = ps = 3140.0 kg/m’, H; =0.12

H, = H, = H; = Hs = 0.02, Ey=FEy=Es =030

Ey = E; =3G,, Gy =Gs = E /2.5
Gy =Gy =Gp(1+ jm), G, =0.001
m=n=12 k; =0.833

The values of 7, and 74 are representative of high damping materials
and G, is the real part of G,. The values of kj—kg are taken as being
equal to 0.833 for the sake of simplicity. Finally, the E;s and G;s
are connected via the Poisson ratio. The Poisson ratio of the primary
beam is assumed to be 0.25 and the Poisson ratio of the damping
layers is assumed to be 0.5.

Effect of Damping Layer Height

Figure 3 shows the system loss factor vs the damping layer height
ratio (the height of the damping layer to the length of the beam, H,
or Hy). In general, the system loss factor for the improved model is
less than that for the Euler beam model.™*

Figure 4 shows the resonance frequency factor vs the damping
layer height ratio. It can be seen that, for small ratios of H,, the
frequency factor for the two models is almost the same. The dif-
ference between the two models increases with an increase in the
ratio H,. We note that the resonance frequency factor predicted by
the improved model is smaller than that predicted by Euler beam
model. This trend coincides with results reported by Weaver et al.18
where no damping treatment was present.

1.000
- Improved Model
----- Euler beam model

Loss Factor (1)

0.010 —+ + 1
0.010 0.020 0.030 0.040 0.050

Damping Layer Height Ratio

Fig.3 Loss factor vs damping layer height ratio.
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Fig.4 Frequency factor vs damping layer height ratio.
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Fig.5 Loss factor vs damping layer shear modulus ratio.
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Fig. 6 Frequency factor vs damping layer shear modulus ratio.

Effect of Damping Layer Shear Modulus

Figure 5 shows the results of system loss factor vs damping layer
shear modulus ratio. There exists a damping layer shear modulus
ratio that will produce an optimal system loss factor. This coincides
with previous results.>'* We note that the Euler beam model gives
a larger value of system loss factor compared with the improved
model. In other words, the Euler beam model overestimates the
system loss factor.

Figure 6 shows the results of resonance frequency factor vs damp-
ing layer shear modulus ratio. There are two different trends to be
noted: The first is between models, and the second is a general trend.
The resonance frequency factor predicted by the improved model is
smaller than that predicted by the Euler beam model. We note that
for small shear modulus ratio, the two models give almost the same
results. However, for large shear modulus ratio, the improved model
gives lower resonance frequency factors. The difference between the
models increases with the increase in shear modulus ratio. For the
improved model, the effects of rotatory and extensional inertia as
well as bending, extension, and shear deformation in the damping
layers are included, whereas for the Euler beam model, only the
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Fig.8 Loss factor vs vibration mode for various coverages.

shear effects in the damping layers are accounted for. If the value of
damping layer shear modulus ratio is small, the shear deformation
effects are small and may be neglected. However, for large values
of damping layer shear modulus, we need to take these effects into
account. The general trend derived from Fig. 6 is that an increase
in shear modulus of the damping layers will increase the bending
stiffness of the entire system and causes an increase in the frequency
factor for both models.

Effect of Sandwich Coverage Length

Figure 7 shows the system loss factor vs coverage length ratio of
the sandwich part (/. = L;/L). In the case of no damping cover-
age (! = 0), both models give zero loss factor. For small value of
coverage ratio, the two models give almost the same results. As the
coverage increases, differences in the system loss factor between
the two models occur with Euler beam model predicting higher val-
ues of system loss factor. We note that an increase in coverage will
increase the system loss factor to some maximum value. This trend
follows the trend of the covered Euler beam model."

Effect of Vibration Mode Number

Figure 8 shows the results of system loss factor vs the mode
number. In general, the Euler beam model predicts higher values of
system loss factor compared with the improved model. We note that
even the first mode predicts differences between the two models, but
the difference is small compared with the higher modes. Coverage
length also affects the difference in the system loss factor, and the
effects are more pronounced in the first few modes.

Conclusions

. For the double-sandwich cantilever beam, numerical results show
that there will be differences between the results of the improved

beam model and the Euler beam model in the following situations:
1) stiff damping layers; 2) large partially or fully covered sandwich
beam,; 3) large thickness of damping layers compared with the thick-
ness of primary beam; and 4) higher modes of vibration. In these
cases, it may be betier to use the results from the improved beam
model. The differences exist as a result of the effects of bending and
extension, rotational and longitudinal inertia of the damping layers,
and the shear deformation and rotational and longitudinal inertia of
the constraining layers and primary beam, which are included in the
governing differential equations. The theory given here is applicable
forlong or short, soft or stiff damping layers double sandwich beams.
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